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Eighteenth-Century Attempts to 

Resolve the Vis viva Controversy 

By Thomas L. Hankins * 

THE HISTORY OF science contains many famous quarrels and polemics, 
some dealing with fundamental problems and others arising from per- 

sonality conflicts and squabbles over priority. All fields of science have had 
their share of controversy, but one would expect to find less of it in those 
" exact " sciences, such as mechanics, that are highly mathematical and also 
subject to experimental demonstration. This has not been the case, of 
course. The concepts used in mechanics are abstract and not at all obvious. 
The whole history of mechanics has been a series of attempts to clarify 
these concepts and to demonstrate their validity, and arguments between 
opposing schools of thought have been frequent and often acrimonious. Of 
all these quarrels, the most famous was the vis viva controversy which began 
with Leibniz' publication of his " Brief Demonstration of a Notable Error 
of Descartes" in 1686 and ended at some undetermined date in the 
eighteenth or possibly even in the nineteenth century.' Like many such 
controversies it was never actually resolved. The enthusiasm of the com- 
batants subsided either from fatigue, or more likely from the realization 
that they had been talking past each other for over fifty years and were in 
disagreement over basic suppositions about the nature of force and matter. 

Of course we can explain the controversy very easily today. The concept 
of the " force of a body in motion " which taxed the scientific minds of the 
seventeenth and eighteenth centuries is ambiguous; it can refer either to 
the momentum or to the energy of a moving body and both of these quanti- 
ties are conserved. Leibniz was searching for some active principle that 
was conserved and kept the universe from "' running down " and slowly 
coming to a halt. This he found in the vis viva of matter which he measured 
by the product of the mass and the square of the velocity. Descartes, on 
the other hand, had insisted that the " quantity of motion," the product 
of mass and the simple speed, was the quantity which was conserved. Thus 
Leibniz came close to stating the law of conservation of energy in mechanics 
while Descartes came close to stating the law of conservation of momentum. 
It was very soon pointed out by Huygens and others that momentum is 

* University of Washington. 

I The early history of the vis viva contro- 

versy is described in Rene Dugas, Mechanics in 
the Seventeenth Century (Neuchatel: Editions 
du Griffon, 1958), pp. 466-483. 
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conserved only when it is considered as a vector quantity, and with this one 
correction the conservation of momentum was accepted by both sides in the 
dispute. Vis viva was a different matter, however. In certain ideal situations 
such as in perfectly elastic collisions, vis viva is definitely conserved, but it 
is not clear whether vis viva is only a convenient mathematical expression 
useful for certain kinds of problems or a fundamental physical concept of 
great significance. 

There were actually two different points at issue in the controversy. The 
first had to do with the effects produced by a moving body when it is stopped 
by a collision or by gravity; the other was the problem of conservation. What 
is the correct measure of the " force of a body in motion "; and does the 
total amount of vis viva in the universe always remain the same? These 
questions were the subject matter of the controversy and the best scientific 
minds of the eighteenth century treated them with only limited success. 

In the first years of the controversy, Leibniz found his foes among the 
Cartesians, but with the publication of the Leibniz-Clarke correspondence 
in 1717 the controversy was revived and the Newtonians joined the Car- 
tesians in combating vis viva. Several prominent Continental scientists went 
over to the side of vis viva in the 1720's and this brought interest in the 
problem to a higher pitch. Most significant among these were Jean Bernoulli 
and William 'sGravesande, both of whom apparently " deserted " to the 
opposition. The bitterest polemic appeared in 1728 and was the work of 
Samuel Clarke, who accused his opponents of attempting to besmirch the 
name of the great Sir Isaac Newton.2 

During the 1740's the controversy died down and caused little excitement 
after the middle of the century. Usually credit is given to Jean d'Alembert 
for having resolved the controversy in his Traite de dynamique published 
in 1743, but d'Alembert's discussion hardly provides an obvious solution 
to the problem. Although he dismissed the argument as a mere " dispute 
of words too undignified to occupy the philosophers any longer," 3 his 
explanation of this indignity is confused and obscure. Also d'Alembert 
was not the first to call the vis viva controversy a " dispute of words." Both 
'sGravesande and Roger Boscovich said the same thing; and their explana- 
tions were more valuable than d'Alembert's although they received less 
attention. 

Modern historians have realized that the vis viva controversy was much 
more than a dispute of words. It is hard to understand how men of such 
talent as Leibniz, Newton, and Jean Bernoulli could have argued for fifty 
years over semantics alone. There were important philosophical problems 
involved, especially the meaning of the word " force," a particularly elusive 
concept, and the nature of matter. The historian is also called upon to 

2 Samuel Clarke, "A Letter from the Rev. 
Dr. Samuel Clarke to Mr. Benjamin Hoadley, 
F.R.S., occasioned by the present Controversy 
among Mathematicians concerning the Propor- 
tion of Velocity and Forces in Bodies in Mo- 

tion," Philosophical Transactions of the Royal 
Society of London, 1727-1728, 35:381-388. 

3 Jean d'Alembert, Traite de dynamique 
(Paris: Gauthier-Villars, 1921), p. xxx. 
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explain why conservation of energy did not gain acceptance until 150 years 
after it had been stated as a general law by Leibniz. In attempting to shed 
some light on these questions I have chosen to discuss the work of d'Alem- 
bert, 'sGravesande, and Boscovich and have attempted to discover the 
obstacles to their understanding of the problems involved. 

In his Traite' de dynamique, d'Alembert stated that the force of colliding 
bodies should be measured proportional to the simple velocity when they 
are in " equilibrium " - that is, when their momenta are equal in magnitude 
and opposite in direction - since it seemed intuitively clear to him that the 
two bodies have the same " force of motion" in this case. If the collision 
were inelastic, each body in motion would completely destroy the motion of 
the other. On the other hand " everyone agrees that in retarded motion, 
the number of obstacles overcome is as the square of the velocity." 4 This 
statement seems strange to us. It is particularly difficult to understand what 
d'Alembert meant by " the number of obstacles overcome." The phrase is 
somewhat clarified if one looks back through the history of the vis viva 
controversy. As an example of the number of obstacles overcome, d'Alem- 
bert suggested the number of similar springs that might be closed by an 
object in motion colliding with them one after the other or all at once. 
This probably refers to Bernoulli's thought experiments in his Discours 
sur les loix de la communication du mouvement (1724)5 where Bernoulli 
showed that the number of springs compressed by a moving ball is propor- 
tional to the square of its velocity. Nevertheless, we must admit that "the 
number of obstacles overcome " is a very ambiguous measure of " forces" 
and does not carry the explanation beyond that already given by Bernoulli. 

D'Alembert did claim that the " force of motion " could only be measured 
by the effect produced by the moving body and that several different effects 
can be measured. As a result the " force of motion " must be an ambiguous 
term. But d'Alembert qualified his conclusion by showing a marked prefer- 
ence for momentum over vis viva. In retarded motion the " total resistance " 
to the moving body is best measured by the sum of the resisting forces 
multiplied by the infinitesimal intervals of time that they are applied to 
the moving body. The " sum of the resistances " is proportional to the 
change in momentum (fF dt == fm dv). D'Alembert believed this was a 
better measure than the "number of obstacles overcome " since it is the 
" sum of the resistances" and not the number of obstacles that stops the 
moving body.6 

Two fundamental ideas in d'Alembert's philosophy of mechanics caused 
him to declare the vis viva controversy a dispute of words and, at the same 
time, to prefer the concept of momentum to that of vis viva. In the first 
place, d'Alembert rejected the concept of force altogether in his mechanics. 

4 Ibid., p. xxix. 

5 Jean Bernoulli, " Discours sur les loix de 
la communication du mouvement," Recueil 

des pieces qui ont remporte les prix de 
l'Acade'mie Royale des Sciences . . . (Paris, 
1752), Vol. 1, separate pagination. 

6D'Alembert, op. cit., p. xxx. 
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He claimed that the only mechanical phenomena observed in the world 
are matter and its motion. Forces are the " obscure and metaphysical" 
inventions of philosophers: 

All we see distinctly in the movement of a body is that it- crosses a certain 
space and that it employs a certain time to cross it. It is from this idea alone 
that one should draw all the principles of mechanics when one wishes to 
demonstrate them in a distinct and precise manner; thus it is not surprising 
that I have kept away from motive causes to consider only the motions they 
produce ... we have no precise and distinct idea of the word force unless 
we restrict this term to express an effect . . . the question of the measure of 
forces is entirely useless in mechanics and even without any real object.7 

Therefore the " force of a body in motion " had no meaning for d'Alembert. 
By " force'" we refer only to the effect that a body produces when it collides 
with some other object, and this effect depends on the object struck as well 
as the moving object. If different " effects " are measured, one is bound to 
get different expressions for the causes producing those effects, and to this 
extent the controversy over the force of motion is a semantic quibble. But 
d'Alembert did not explain satisfactorily why different measures are ob- 
tained in different circumstances, and his statement that both methods are 
valid because both give the correct answer is certainly not a complete 
solution to the problem. 

D'Alembert also preferred momentum to vis viva because in his general 
system of mechanics momentum is conserved while vis viva is not. He 
believed that the elements of matter consist of small, hard, Newtonian par- 
ticles.8 Whenever perfectly " hard " particles collide there must be an 
instantaneous change in velocity. Moreover " hard " particles do not re- 
bound because they have no " springiness "; all relative motion between 
them ceases immediately upon collision. Momentum is conserved in all 
cases, of course, but not vis viva since energy is lost in the case of inelastic 
impact. Only in those problems where " hard " particles change their 
velocities gradually in a continuous fashion will the conservation of vis viva 
hold and so d'Alembert limits its use to this particular case. It is a valuable 
mathematical device for solving a special class of problems, but it cannot 
be a fundamental and general law of mechanics. 

In the development of his mechanics d'Alembert consistently followed 
his belief that the laws of dynamics can be derived from purely geometrical 
considerations of impenetrable extension. Since he denied the existence of 
forces, he could only explain problems in statics by the equilibrium between 
" virtual momenta." Two bodies are in equilibrium when the products of 
their masses and " virtual velocities " are equal in magnitude and opposite 

7 Ibid., pp. xxvi-xxvii, xxx, xxxii. 
8 The problems that d'Alembert encountered 

in developing his mechanics are described by 
J. Morton Briggs in " D'Alembert: Philosophy 
and Mechanics in the Eighteenth Century," 

University of Colorado Studies, Series in His- 
tory, Jan. 1964, no. 3:38-56. On the mechanics 
of "hard bodies" see Wilson L. Scott: "The 
Significance of 'Hard Bodies' in the History 
of Scientific Thought," Isis, 1959, 50:199-210. 
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-in direction.9 Therefore d'Alembert tried to use the dynamic concept of 
momentum in treating equilibrium conditions of simple machines, and a 
confusion between energy and momentum was the inevitable result. He 
was guilty of this very elementary error in his article " Perpetuel" for the 
Encyclope'die. The multiplication of force in a machine cannot produce 
perpetual motion because " Whatever is gained in power [puissance] is lost 
in time; so that the quantity of movement [that is, the momentum] remains 
always the same . . . thus the virtual quantities of movement of these two 
bodies will be the same and consequently there should be nothing surprising 
in their equilibrium." This is a ghastly error. One might hope that d'Alem- 
bert wrote his article in a hurry and that he actually knew better than to 
make such an elementary slip, but since he never wrote a treatise on simple 
machines, it is difficult to find other statements to compare with this one. 
Several of his close associates did write such treatises, however, and they 
committed the same error with regularity. 

The Abbe Charles Bossut went to great lengths to describe what he meant 
by a moving force. It is measured by the product of the mass and the 
velocity of the moving body. 

Now we have a fixed and determined moving force [momentum] which can 
be used to overcome a certain resistance, or what amounts to the same thing, 
to elevate a certain load [fardeau]. The quantity of movement will always 
be the same whatever means are employed to transmit it to the load being 
treated. Vainly we multiply the levers and wheels of our machine.... If 
they increase the exertion [fardeau] they diminish its velocity in the same 
ratio; if, on the contrary, they increase the velocity, it is at the expense of the 
mass.10 

Notice the indiscriminate use of weight and mass. Bossut confused power 
(Fv) and momentum (mv) at a place where he was striving for precision and 
clarity in his textbook. No inadvertence this time - he just did not under- 
stand the difference between work and momentum. 

Another of d'Alembert's friends at the Academy, lttienne Bezout, an 
expert on applied mechanics and author of a textbook for the French 
military academies, involved himself in even greater absurdities.1l Bezout 
attempted to work out a complete theory of machines which would allow 
comparison of the " work " done by different agents, for example, a man 
turning a crank and a horse walking on a treadmill. According to Bezout the 
effort of a man supporting a weight is " equal to the quantity of movement 

I The notion of "virtual velocities " was 
confused in the 18th century. Bernoulli used 
the term to refer to virtual displacements in 
his famous Law of Virtual Velocities, but 
d'Alembert took " virtual velocity" to mean 
the velocity with which an object "tends to 
move" or " the velocity it would take in the 
first instant" if it were free to move. See his 
TIraite' de dynamique, p. xxix, and his articles 
"Force " and " 1 quilibre " in the Encyclopedie. 

10 Charles Bossut, Cours de mathelmatiques 

a l'usage des e'coles royales militaires; n-e' 
canique et hydrodynamique (Paris, 1782), pp. 
16-17. 

11We know Bezout studied d'Alembert's 
mechanics, because he was the author of a 
number of notes included in the second edition 
of the Traite de dynamique in order to " make 
the work available to a much greater number 
of readers than was the case with the first 
edition." See Traite de dynamique, p. xii. 
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which results from the mass of the body multiplied by the velocity that the 
weight gives it in an instant; it is clear, however, that if this man were 
capable of only this effort, the equilibrium would last only an instant; 
because at the second instant the weight renews the action destroyed in the 
first instant." 12 At each instant momentum is " absorbed " by the weight 
and this momentum must be provided by the man supporting it. Thus the 
effort of the man is measured by the " virtual momentum " transferred to the 
weight. This turns out to be what we now call impulse, or fF dt J f d(mv); 
the effort is equal to the force multiplied by the time during which that 
force is exerted. In the following section Bezout applies this measure to 
simple machines. He loses himself in a maze of measurements and calcula- 
tions which obscure the fact that according to his measure of effort, the 
worker is accomplishing just as much by leaning on the handle of his 
machine as when he turns it to lift a heavy weight! He measures the input 
of the machine by impulse (F dt) rather than by work (F dx), which leads 
him to many absurd conclusions. Far from removing the clouds of con- 
fusion from the vis viva controversy, d'Alembert's rational mechanics led 
many of his successors astray. He made a genuine contribution when he 
pointed out that it was futile to argue about the force of a moving body 
without considering the effects that it could produce, but his assumption 
of perfectly hard particles composing matter and his rejection of forces led 
to even further confusion. 

But if d'Alembert was unable to resolve the vis viva controversy, we may 
ask what was required in the way of explanation that he did not provide. 
One might first ask for correct equations relating impulse to momentum 
and work to kinetic energy; but these expressions were available very early 
and recognized by the disputants in the controversy as valid laws of motion. 
The expression F dx = mv dv was familiar to Varignon, Hermann, Euler, 
Bernoulli and d'Alembert. The expression F dt = m dv was even more 
common.'3 Why, then, was there a controversy? The only answer can be 
that the mathematical expressions by themselves were not sufficient to 
remove the existing confusions. 

Another possible approach was the direct measurement of the effects of 
collision to discover how the changes of motion are actually produced. 
'sGravesande performed the most extensive experiments on collision and 
his results influenced many commentators on the controversy, includinag 

12 IStienne Bezout, Cours de rnathe'matiques 
a l'usage des gardes du pavillon et de la marine 
(Paris, 1767-1795), Vol. 5, p. 440. 

13 Leibniz apparently knew this relation. See 
his letter to de Volder [1698], in Dugas, op. cit., 
p. 482. Pierre Varignon derived the expression 
fF dx = 7V2 in 1700 (" Maniere generale de 
d6terminer les Forces, les Vitesses, les Espaces 
et les Temps, une seule de ces quatre choses 
etant donnee dans toutes sortes de mouvemens 
rectilignes variez 'a discretion," Medmoires de 
l'Acadedmie des sciences de l'Institut de France. 

Paris, 1700, p. 27). He left out the mass (in) 
because he was treating a unit mass. Jakob 
Hermann, Phoronomia, sive de viribus et moti- 
bus corporum solidorum et fluidorum (Amster- 
dam, 1716), p. 65. Leonhard Euler, Mechanica 
(1736) in Opera omnia (Leipzig/Berlin: Teub- 
ner, 1912), Ser. 2, Vol. 1, p. 67. Bernoulli, 
"Discours . . . ," loc. cit., p. 44. D'Alembert, 
Traite' de dynamique, p. 23. Bernoulli referred 
to the expression F dt = m dv as the " familiar 
law of acceleration" in his " Discours . . 

p. 46. 
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d'Alembert. His favorite demonstration was to let heavy balls or cylinders 
fall on a soft material such as clay or wax and then compare the depressions 
produced. If they were identical, it could be assumed that the falling objects 
had struck the clay surface with the same " force." Similar experiments 
had been performed earlier by Mariotte and Poleni; 14 but 'sGravesande 
took a more active part in the controversy than either of them. In 1720 
he published his enormously successful Mathematical Elements of Natural 
Philosophy. After praising this excellent exposition of Newton's philosophy, 
the English mathematicians were dismayed to see 'sGravesande turn to 
defend Leibniz' theory of vis viva in an article entitled " Essai d'une nou- 
velle theorie sur le choc des corps," wlhich appeared in 1722 in the Journal 
litteraire de la Haye, a journal that 'sGravesande had founded in 1713. In 
his Mathematical Elements of 1720, 'sGravesande had described how the 
" actions of powers " to overcome obstacles are to be measured. " When 
both the spaces run through and the intensities are different, the actions 
of the powers are to one another in a ratio compounded of the intensities 
and the spaces gone through." 15 He immediately applied this law to simple 
nachines, but did not use it in his experiments on collision. Although 
'sGravesande had not yet accepted Leibniz' measure of the force of motion, 
he had stated categorically by 1720 that the " actions of powers " are to 
be measured by the products of the impressed forces and the distances 
traversed. 

The crucial experiment which caused 'sGravesande to change his m'ind 
and join the supporters of vis viva was essentially the same as that performed 
by Poleni. He let bodies of different mass but of the same shape fall on 
clay. The imprints were found to be the same when the heights of fall 
were in inverse proportion to the masses. By Galileo's law of free fall, the 
heights of fall were in proportion to the squares of the velocities. Therefore 
the imprints in the clay were identical when the balls striking the clay had 
the same vis viva. If we can believe 'sGravesande's biographer, Jean Alla- 
mand, who- described this experiment, 'sGravesande said, " Ah, c'est moi 
qui me suis trompe'," and immediately began a series of experiments to 
clarify his new position.16 

'sGravesande realized earlier than d'Alembert that the term " force of 
motion" was ambiguous since the only real measures of this " force" are 
the effects that it can produce. In a collision, however, there are measurable 
effects and the " force of motion" should have real meaning. 

As regards the term "force," I will try to expose the ambiguity of this word, 
as well as in the word "movement"; it will be seen that there is more 
misunderstanding than real difference among those who argue about the 
measure of force and . . . [then] I will pass on to the problem of impact 

14 Edme Mariotte, (Euvres (Paris, 1740), Vol. 
1, p. 27. On the question of priority for these 
experiments between 'sGravesande and Poleni 
see William 'sGravesande, (Euvres, ed. Jean 
Allamand (Amsterdam, 1744), p. 247. 

15 William 'sGravesande, Mathematical Ele- 
ments of Natural Philosophy, 5th ed. (London, 
1737), p. 24. 

163'sGravesande, (Euvres, p. xv. 



288 THOMAS L. HANKINS 

where it will be seen that what was before only a dispute of words [italics 
mine] now becomes a dispute about real things.17 

In 1722, 'sGravesande described one very interesting experiment that put 
him on the track of the correct explanation. When two inelastic spheres 
moving in opposite directions collide, all motion will be destroyed in the 
impact if their masses are inversely proportional to their velocities. Since 
the momenta of the spheres are equal in magnitude and opposite in sign, 
they add up to zero and the conservation of momentum holds. But if the 
" forces of motion " of the two spheres are measured not by the momentum, 
but by the mass times the square of the velocity, one has to admit that they 
collide with different " forces." The ball with the smaller mass and greater 
velocity has a larger vis viva; and yet this case seems to be an obvious ex- 
ample of equal " forces " destroying each other. The " effect" observed is 
clearly proportional to the momentum and not to the vis viva of the col- 
liding balls. But 'sGravesande was able to demonstrate that the " forces " 
are indeed different by allowing two similar copper balls of unequal masses 
to strike a fixed clay ball. The apparatus was arranged so that the balls 
struck the clay with the same momentum in each case; but the lighter ball 
with the higher velocity made a much deeper impression in the clay. By a 
series of similar experiments, he showed that two different effects can be 
measured in an inelastic collision - the changes in the velocities of the 
bodies and the compressions of the colliding bodies - and that one of these 
effects is proportional to the simple velocity, while the other is proportional 
to the square of the velocity. Therefore he distinguished between the 
" force " and the " inertia " of objects in collision: ". . . in order for two 
unequal bodies to remain at rest after a collision, their forces must neces- 
sarily be unequal. This experiment can be explained by assuming that 
'force' and 'inertia' are different from each other; and this experiment 
clearly shows the distinction." 18 " Force " should be measured by the com- 
pressions of the colliding bodies and " inertia " should be measured by the 
changes in their velocities. 'sGravesande was unwilling to discard either 
measure of the " force of motion " and said that the law of equality between 
action and reaction holds for two actions and two reactions. Mme. du 
Chatelet described this experiment and 'sGravesande's analysis very fully in 
her Institutions de physique, since it allowed her to defend what appeared 
to be the weakest point in the theory of vis viva.19 

Another puzzling theoretical problem that was used to argue against vis 
viva concerned accelerated motion. If an object is accelerated uniformly 
by a constant force, equal amounts of momentum are produced in successive 
equal intervals of time. But the same is not true for the vis viva. If the 
" force of motion" is measured by the product of the mass and the square 
of the velocity, the amount of " force" required to produce any increase in 

17 'sGravesande, " Remarques sur la force des 
corps," Journal littdraire de la Haye, 1729, 
13, Pt. 1:196. 

18 'sGravesande, (Euvres, pp. 235-237. 

19 ]Emilie Le Tonnelier de Breteuil, Marquise 

du ChAtelet, Institutions de physique (Paris, 

1740), p. 44. 
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velocity depends on the initial velocity of the moving body. For example, a 
body gains more vis viva in being accelerated from 10 to 15 feet/second than 
in being accelerated from 5 to 10 feet/second, even though the applied force 
and the time of acceleration is the same in both cases. This result appears 
paradoxical at first and it provided one of the major criticisms of the vis viva 
theory. Newton insisted that this result alone invalidated the theory of 
vis viva.20 He argued that since the " force of motion " of a falling body is 
produced by its weight, increasing amounts of " force " can be produced 
in successive intervals only if the weight increases proportionately, which 
is absurd. 

In attempting to explain the paradox, 'sGravesande analyzed the loss of 
"force " in inelastic collisions. In this case more vis viva is lost in the first 
moments of deceleration than in the later moments, even though the deceler- 
ating force remains uniform. 'sGravesande's explanation was written in 
answer to criticisms by the Swiss mathematician Calandrin. In 1733 an 
extract from Poleni's Epistolae mathematicae was published in the Journal 
historique de la republique des lettres.2' Poleni had dropped balls onto 
tallow to compare impacts and had shown that the " force of motion" is 
proportional to the square of the velocity - essentially the same experiment 
that 'sGravesande had performed. In the same volume Calandrin published 
an anonymous article countering Poleni's interpretation.22 He analyzed the 
problem in the following way. If a cylinder strikes a clay surface, the 
resistance of the clay will always be the same because the same area is in 
contact with the cylinder at all times. Since the resistance is constant, equal 
amounts of " force " should be consumed in equal units of time. Therefore 
"the times during which two forces act on tenacious material until these 
forces are destroyed will always be proportional to these forces." 23 Thus 
Calandrin insisted that the " force"'' lost was proportional to the change in 
momentum. 

'sGravesande replied to Calandrin's article with some misgivings. He 
had been subjected to a scathing attack by Samuel Clarke five years before, 
and he was hesitant to involve himself in any similar polemics.94 However, 
he felt called upon to point out where he differed from Calandrin's analysis 

20 It is curious that Newton did not take an 
active part in the vis viva controversy, and it 
is only recently that the extent of his par- 
ticipation in the Leibniz-Clarke correspondence 
has been known. See Alexandre Koyre and 
I. B. Cohen: " Newton and the Leibniz-Clarke 
Correspondence," Archives internationales d'his- 
toire des sciences, 1962, 15:63-126, particularly 
pp. 116-122. Colin MacLaurin repeated New- 
ton's arguments in his prize-winning essay 
"DDemonstration des loix du choc des corps," 
Recueil des pieces qui ont remportd les prix 
de l'Acadcemnie Royale des Sciences . , Vol. 1, 
separate pagination, pp. 14-15. 

21 Johannis Poleni, " Epistolae mathematicae, 
second extrait," Journal historique de la re- 
publique des lettres, 1733, 2, pt. 2:220. 

22 Anonymous, " Dissertation sur la force des 
corps," J. Hist. Rdpubl. Lettres, 1733, 2, pt. 
2:230. 'sGravesande revealed that the author 
wvas Calandrin (Jean-Louis, Calandrini, 1703- 
1758) in an article in the same journal, 1733, 
3, pt. 3:381. 

23 [Calandrin], " Dissertation ...," loc. cit., 
p. 234. 

24 See 'sGravesande's " Nouvelles experiences 
sur la force des corps en mouvement," J. Hist. 
Rdpubl. Lettres, 1733, 3, pt. 3:381. For 
'sGravesande's answer to Clarke's criticism see 
" Remarques sur la force des corps en mouve- 
ment et sur le choc; pr6c6dees de quelques 
r'flexions sur la maniere d'ecrire de Monsieur 
le Docteur Samuel Clarke," J. Litteraire Haye, 
1729, 13, pt. 1:189. 
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of the nature of forces in a collision. He agreed that if a cylinder strikes 
a clay surface, the resistance of the clay should be uniform (which is in- 
correct, but this does not affect the argument); but he denied that equal 
amounts of " force " are consumed in equal times. The cylinder is moving 
faster when it first strikes the clay and consequently it pushes more clay 
out of the way during the first instant than during any later instant. If 
the resistance of the clay is likened to a series of strings that are broken 
by a moving object, more strings are broken per unit of time while the 
object is moving rapidly than in an equal unit of time when the object is 
moving more slowly. " It can be seen that in order to compare the efforts 
of two pressures in equal times, it is necessary to take into account both 
the pressure and the speed of the points or surfaces being struck; and it is 
only by multiplying the intensity by this speed that one is able to determine 
the effort." 25 In modern terminology, the " intensity of the pressure " is 
the force and the " effort of the pressure " is the power, or the work done 
per unit of time. In other words, to get the effect of the " force of motion," 
it is not enough to consider the force-alone. It is also necessary to multiply 
it by the velocity with which the object moves, since the faster it moves, 
the more obstacles it will encounter if the resisting medium is uniform. 
'sGravesande continues: 

When a cylinder enters into a soft body and loses its force, the tenacity of 
the parts of that body remains the same; and since the same surface is 
acting, it is always the same number of parts which resist, and the intensity 
of the pression is always the same, but the speed of the surface which 
presses and is pressed changes at every instant; as a result the efforts which 
destroy the force of bodies in the equal moments which follow are unequal, 
and proportional to the speeds. Thus they are proportiohal to the distances 
covered in equal times. Now the sum of all the efforts being equal to all the 
force lost, it follows that this force is proportional to the sum of all the 
little spaces covered, that is, which is proportional to the square of the 
velocity.26 

'sGravesande is saying that the " force of motion" is the " intensity of the 
pressure" multiplied by the increment of time and by the velocity, or 
Pv dt; but v dt dx (the increment of distance covered in the time dt), so 
fpv dt fp dx kv2. Since 'sGravesande believed that collisions are never 
instantaneous, but take place in a continuous manner by gradual deforma- 
tion of the colliding bodies, he could compare the " effort" of an object 
in collision to the " effort " in a simple machine. In a simple machine, a 
small weight may counterbalance a much heavier weight if the small weight 
moves proportionately faster when the machine is set in motion. In col- 
lisions and in simple machines, the velocities of the moving objects during 
the action are all-important. 

In the article by Calandrin and in 'sGravesande's reply, the point of 
confusion was clearly exposed. 'sGravesande admitted that when the 

25 'sGravesande: "Nouvelles experiences 
b ,lc. cit., p. 383. 26 Ibid., p. 384. 
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"tenacity" is constant the decrease in velocity is proportional to the time. 
But the "efforts " exerted by the resisting medium are different during 
different time intervals of equal duration. However, 'sGravesande was not 
dogmatic about his theory. He realized that those who measured the force 
of motion in another way were measuring a different thing and he concluded 
hlis article by saying again that the word " force " is ambiguous: " Let some- 
one give another sense to the word 'force'; let him say that this other 
sense is more natural. I do not oppose that; all I wish to insist on is that 
what I call force ought to be measured by the product of the mass and the 
square of the velocity. By regarding force in another way, one can admit 
of another measure." 27 

The work of 'sGravesande was largely experimental, but other scientists 
attempted to untangle the conflicting points of view in a more theoretical 
manner. One of the most interesting studies of vis viva was by the Jesuit 
scientist Roger Boscovich. Boscovich also claimed that the vis viva contro- 
versy was a " dispute of words," and he demonstrated the difference between 
the effects of momentum and vis viva using a geometrical diagram.28 His 
argument was similar to that given by 'sGravesande. When the force de- 
celerating a moving object is plotted against the time, the area between 
the curve and the time axis represents the change in momentum produced. 
But when the force is plotted against distance, the area represents the 
change in vis viva. Although Boscovich's geometrical treatment of the prob- 
lem was significant, his theory of matter was far more important. The 
equivocal concept of " force of motion " was becoming more apparent 
through the works of d'Alembert, 'sGravesande, and Boscovich himself, but 
the law of conservation of vis viva was still a subject of dispute. 

If vis viva is always conserved, there can be no perf&ctly hard bodies in 
the universe and all changes in velocity must take place continuously. Until 
an acceptable theory of matter excluding the collision of hard particles was 
available, the conservation of vis viva could not become a general theory 
of mechanics. The first really satisfactory model permitting the conservation 
of vis viva was the system of mass points which Boscovich elaborated at great 
length in his Philosophiae naturalis theoria (1758). It permitted the con- 
servation of vis viva in all cases; yet Boscovich was himself a strong opponent 
of vis viva. He firmly opposed the idea of any innate force in matter. For 
him all forces were " dead " in the Leibnizian sense: 

Indeed it will be sufficiently evident, both from what has already been proved 
as well as from what is to follow, that there is nowhere any sign of such 
living forces, nor is this necessary. For all the phenomena of Nature depend 
upon motions and equilibrium, and thus from dead forces and the velocities 
induced by the action of such forces. For this reason, in the dissertation 
De viribus vivis, which was what led me to this theory thirteen years ago, 
I asserted that there are no living forces in Nature....29 

27 Ibid., p. 396. 
.28 Boscovich's analysis of the problem in his 

De viribus vivis (1745) has been described by 
Pierre Costabel, " Le De Viribus Vivis de R. 

Boscovich ou de la vertu des querelles de 
mots," Arch. int. Hist. Sci., 1961,14:3-12. 

29 Roger Boscovich, A Theory of Natural 
Philosophy, trans. J. M. Child from the 2nd 
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Boscovich would have had theological as well as physical reasons for denying 
the existence of an active force in matter since such an interpretation 
smacks of Spinozism. But in addition to denying that vis viva was an active 
agent in matter, he also rejected it as a valid measure of the " force of 
motion." Although he had shown in the De viribus vivis that the force of 
motion can be measured proportional to either the velocity or the square 
of the velocity, depending on whether the " pressure." is integrated over the 
time or over the distance of application, Boscovich believed that momentum 
was the " real" measure of force and that the use of vis viva was valid only 
as a method for computation. 

The conservation of momentum was clearly understood and accepted by 
Boscovich: " The quantity of motion in the Universe is maintained always 
the same, so long as it is computed in some given direction in such a way 
that motion in the opposite direction is considered negative, and the sum 
of the contrary motions is subtracted from the sum of the direct motions." 30 

This was the only conservation principle that Boscovich would accept. 
Leibniz had felt the necessity for some conservation principle that would 
prevent the world from " running down " like a watch in need of an occa- 
sional winding. Conservation of momentum could no longer satisfy this 
need when expressed as a vector quantity because hard bodies in collision 
can lose all their motion although the total momentum does not change. 
In writing the Theoria, Boscovich was apparently unconcerned about the 
possibility of the universe " running down," and he made no attempt to 
prove that motion in his system would never be totally lost. However, he 
did treat the closely allied problem of the composition and resolution of 
forces. He believed he had caught the defenders of Leibniz in an error and 
wrote a rather confused section of the Theoria where he tried to prove that 
no " force of motion " is contained in a moving body or transferred to 
another body by impact. The only forces are those mutually acting " dead 
forces" that arise when bodies collide. Nothing is passed from one body 
to the next and no active force or vis viva exists in a moving object. He 
could not deny that the quantity mV2 is conserved in elastic collisions, but 
he did deny that this quantity represented any real thing. 

All Boscovich's demonstrations in the Theoria against vis viva involve 
the collision of gross bodies, and he made no reference to his new theory 
of matter in these arguments. But when he turned to the exposition of his 
theory he unconsciously provided a plausible explanation for the conser- 
vation of vis viva, while he vigorously argued at the same time against its 
existence. One of the most obvious criticisms of Leibniz' law of the con- 
servation of vis viva is the frequency with which it seems to be violated. 
Vis viva is destroyed in inelastic collisions, but Leibniz had enough faith 
in his theory to postulate that the motion was retained in the parts of the 
body. 

ed. (1763) (London: Open Court, 1922), ?293, 
References are to the paragraph numbers. 30 Ibid., D264. 
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'Tis true, their wholes lose [some force] with respect to their total motion; 
but their parts receive it, being shaken [internally] by the force of the con- 
course. And therefore loss of force is only in appearance. The forces are 
not destroyed, but scattered among the parts. The bodies do not lose their 
forces; but the case here is the same as when men change great money into 
small.31 

Since Leibniz did not believe in action at a distance, he assumed that 
bodies in collision actually make contact; and to avoid the consequences of 
assuming perfectly hard particles he postulated an " infinitely fluid " matter 
containing no smallest parts. Boscovich, on the other hand, was led to his 
system by Leibniz' law of continuity which forbade any discontinuity in 
the velocity of a body in motion. Therefore, he denied any actual contact 
between the parts of matter and, as a result, he was able to simplify the 
meaning of " force." In Boscovich's theory, impact, pressure, gravity, fric- 
tion, chemical action, light - all were explained by the motion of point 
mnasses moving in a force field. Action at a distance was the only force 
acting in his system. 

According to Boscovich all matter is composed of nonextended mass 
points." These points exert forces on each other which vary with the 

distance between them. At very short distances there is a strong force of 
repulsion which increases to infinity as the points are brought closer to- 
gether, preventing them from coming into contact. As the distance is 
increased, the force alternates between repulsion and attraction and finally 
follows the inverse square law of gravitational attraction for large separa- 
tions. Boscovich illustrated his theory by his famous curve (Fig. 1). At 
certain distances where the force changes from repulsion to attraction the 
mass points will be in stable equilibrium. Boscovich called these distances 
i points of cohesion " (marked C on the diagram) and he used them to 
explain cohesion and the structure of matter. 

Such a theory provides a perfect explanation of how the motion of bodies 
in collision can be " absorbed by the little parts." If every body is composed 
of point masses, when the points are displaced - perhaps by a collision - 
from their " points of cohesion,"' they will be subject to a restoring force 
and will " oscillate about the limit point of cohesion which they had passed 
through; and this they will do first on this side and then on that, over and 
over again unless they are disturbed by forces due to other points outside 
them." 32 In a simple case, Boscovich realized that some external force is 
necessary to bring an end to the oscillations. In inelastic collisions, he 
believed that the particles are displaced until they are at new points of 
cohesion and in this way energy would be stored since the motion would 
be regained if the particles were to return to their original positions. 

In Boscovich's famous curve, the ordinate represents force and the abscissa 
represents distance (see Fig. 1). If a particle is displaced from a point of 

31 The Leibniz-Clarke Correspondence, ed. 
H. G. Alexander (Manchester: Manchester 
UJniv. Press, 1956), pp. 87-88. 

32 Boscovich, Theory of Natural Philosophy, 
?191. 
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cohesion, its change in velocity can easily be determined since the area 
bound by the curve and the axis is proportional to the square of the velocity. 
Boscovich stated this fact and derived it using calculus.33 Between any 
two limits A and B, the area bound by the curve and the axis taken with 

regard to sign equals fa p dx ImV- 1 mv2. Not only did Boscovich 
derive this expression for the conservation of potential and kinetic energy; 
his theory also illustrates it admirably. In any relative motion of two mass 
points, the points may lose kinetic energy, but when they return to their 
original positions, this kinetic energy is restored. 

_ \ I 
0 \AA B \ 

CX Cw C 

DISTANCE -- 

FIGURE 1. 

Boscovich even described how potential energy is released in a chemical 
reaction: 

By a slight motion due to external points approaching close enough to [the 
material] to be capable of impressing a non-uniform motion on the points 
of the particles . . . all the points in an extremely short time will cross the 
limit and then they will fly off from one another with a huge repulsive force 
and a high velocity. This kind of thing is seen to take place in the sudden 
explosion of gunpowder, which . . . on contact with the smallest spark goes 
off almost at once, and with a great repulsive force drives out the ball from 
the cannon.34 

It is surprising that Boscovich did not realize how well suited his theory 
was to explain the conservation of vis viva. Although the term vis viva 
originally referred only to the " force " of a moving body, it was well under- 
stood that vis viva could be " stored " in a compressed spring or in a weight 
elevated against gravity.35 Boscovich's own mathematical derivation shows 

33 Ibid., p. 141, note (m). 

34 Ibid., ?467. 

35 See Jean Bernoulli: " De vera notione 

virium vivarum . . . ," Opera Omnia (Lau- 
sanne, 1742), Vol. 3, pp. 239-243; and d'Alem- 
bert: Traite de dynamique, Vol. 2, pp. 196- 
197. 
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that in his system vis viva is always conserved although it is frequently 
" stored " in the form of potential energy. There is no way in his system 
that energy can be lost in friction or in the collision of inelastic bodies 
since the points of matter never come in contact. Possibly he did realize 
this, but felt that the acceptance of Leibniz' mechanics would require the 
acceptance of his philosophy of active matter as well. In any case, Boscovich 
used the square of the velocity as a method for computation, but did not 
propose any more general conservation law for this quantity.36 

It was in the explanation of gross phenomena that Boscovich was ham- 
pered by his refusal to accept the conservation of vis viva. He was hard pressed 
to explain why mechanical oscillations or chemical reactions ever cease. 
These are obvious signs of " activity" which disappear slowly and for no 
apparent reason. Boscovich believed the complex structure of matter could 
explain this phenomenon. He suggested that his points might be joined 
together into clusters to form grosser particles similar to the particles postu- 
lated by Newton. Using these particles he attempted a Gassendist explana- 
tion of the decrease of activity. Particles may be made of points arranged 
in such an order that the particles thus formed have " hooks." 

In such a way atoms might be formed like spirals . .. by means of atoms 
of this nature an explanation could be given of a very large number of 
phenomena, such as the connection of masses by means of hooks inserted 
into hooks or coils; and in this way also an explanation could be given of 
the reason why, in the case of two particles of which one has approached the 
other with a very great velocity, there arises a fresh connection of great 
strength, that is, one so strong that there is no rebound of the particles from 
one another.37 

36 D'Alembert proposed an atomic model 
similar to Boscovich's in the unpublished 9th 
volume of his Opuscules mathe matiques, in an 
article entitled " Sur le choc des corps 'a 
ressort" (Bibliotheque de l'Institut, MS 1792, 
fols. 1-223). He considered an elastic body 
composed of particles separated by springs and 
he postulated forces between the particles 
which tend to infinity as the parts are brought 
close together; but he could not believe that 
this was a description of actual matter. 

On peut regarder un ressort bande en repos 
comme compose d'une infinite de points 
places 'a distances egales les uns des autres, 
et se repoussant mutuellement avec une force 
d'autant plus grande que ces points sont plus 
proches, c.'a.d. que le ressort est plus band, 
(Bibl. de l'Institut, MS 1792, ?28). 

and d'Alembert adds: 
Cependant si l'on regardoit les molecules 
comme unies par des ressorts dont la force 
fu't en raison inverse de 1'espace auquel les 
r6duit leur compression il est clair que la 
compression n'arriveroit jamais jusqu'a r- 
duire le ressort i z6ro, puisqu'alors la force 
seroit infinie, et par consequent les molecules 

ne perdroient tout entier aucune partie de 
leur mouvement, et le recouvreroient tout 
entier par le retablissement du ressort. Mais 
il est difficile d'admettre l'hypoth.ese que le 
ressort puisse etre comprime jusqu'a etre 
reduit a zero, et qu'en cet etat la force du 
ressort soit infinie (Bibl. de l'Institut, MS 
1792, ?43). 

It is evident that d'Alembert was aware of 
Boscovich's alternative theory, at least toward 
the end of his life. However, it is more likely 
that he encountered this model of an elastic 
body for the first time in reading Denis 
Diderot's Pense'es sur l'interpre'tation de la 
nature (1754) than from reading Boscovich. 
In d'Alembert's article " lMasticite" for the 
Encyclope'die he enthusiastically described 
Diderot's "new" idea of molecules held in 
position by forces, and added that in this sense 
the whole universe is an elastic body. But 
d'Alembert never really deserted the New- 
tonian model of " hard " atoms and as a conse- 
quence, he could never accept the conservation 
of energy. 

37 Boscovich, Theory of Natural Philosophy, 
?440. 
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Such an explanation is merely dodging the question. In Boscovich's theory 
these spiral atoms are composed of mass points which have no hooks and 
the problem always reduces ultimately to one of forces acting at a distance.. 

His second explanation of decaying oscillations appeared in a description 
of elastic collisions. After elastic spheres collide, each sphere will return to 
its original form, then go beyond it, and finally oscillate. Boscovich at-- 
tempted to explain why this oscillation will die down: 

A tremor or oscillation will be produced, which will be gradually diminished 
and ultimately be destroyed, partly by the action of external bodies, just 
as the motion of a pendulum is stopped by the resistance of the air, and 
partly by the action of less elastic particles which are interspersed, which can 
gradually break down the oscillation by their friction, and also by contrary 
motions and a relapse by which they will change their own distribution 
somewhat.38 

But these explanations are no better than the hooks and spirals. Certainly 
friction is impossible between points which never come in contact, and if 
the oscillation is prevented by particles which " change their positions some- 
what," the sphere is no longer elastic. 

In his last attempt to explain the loss of motion, Boscovich dealt with 
fermentation. In chemical reactions the points are set in violent motion 
" and oscillate backwards and forwards; and in this backward and forward 
motion being perturbed and rapid, we have a sufficiently clear notion of; 
what fermentation is." 39 To explain the gradual reduction of this violent 
motion, Boscovich resorted to the same explanations given above and added 
some new ones. 

The fermentation diminishes gradually, and at length ceases; . The 
irregularity of the particles, from which bodies are formed, and the in- 
equality of the forces, especially contribute to the diminution and final 
stoppage of the motion. Thus when certain particles, or the whole of them 
enter cavities in larger particles, or when they insert their hooks into the 
hooks or openings of others, these cannot be disentangled, and certain re- 
lapses and compressions of the particles happen in a mass irregularly agitated, 
which diminish the motion and practically destroy it altogether; and due 
to this the motion even in soft bodies can be stopped after loss of shape. 
Also the roughness of the particles alone may do much toward diminishing 
and finally stopping the motion; just as the motion in a rough body is. 
stopped by friction. Impact with external bodies has a great effect, e.g. the 
air stops a pendulum. Much may be due to the emission of particles in all 
directions, as in evaporation; or when a body freezes, many igneous particles 
fly off by the action of the particles of the mass, impress a motion in the 
opposite direction on those as they move; and while those that had increased 
the oscillation, one after the other fly off, those that are left are such as were 
diminishing these oscillations by internal and external actions.40 

38 Ibid., ?446. 
39 Ibid., ?459. 40 Ibid., ?465. 
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Boscovich's reference to the loss of igneous particles is a partial acceptance 
of the conservation of " activity." As the most " active " particles leave the 
reaction the ones remaining have less activity on the average and the reaction 
dies down. Unfortunately Boscovich did not pursue this line of reasoning 
any further and he failed completely to recognize that vis viva is never lost 
in his system. 

In all these explanations, Boscovich made the mistake of dealing with 
the particles of matter as if they were gross bodies, subject to friction, impact, 
etc. Only his last suggestion concerning the loss of the most active particles 
is compatible with his theory. If he had stayed in the realm of points and 
forces, he might have been forced to the position of Leibniz and the con- 
servation of energy. We must remember that in Boscovich's system there 
is only potential and kinetic energy. He explains light, heat, electricity, 
chemical reaction, and mechanical motion all in terms of forces and points. 
The question of " transforming" one kind of energy into another does not 
arise. The points and forces reduce all forms of energy or " activity " to 
one, just as they reduce all kinds of force to one. We can suppose that if 
Boscovich had been on the other side of the vis viva controversy, he would 
have followed the lead of Leibniz and the dictates of his own system which 
point directly to the conservation of energy. 

The vis viva controversy was clearly more than a case of misunderstanding. 
Although the scientists of the eighteenth century were frequently arguing 
past each other, there were several important points of disagreement. The 
most important of these was the nature of matter. Once perfectly hard 
inelastic particles are admitted into physics, the conservation of vis viva 
becomes impossible, and momentum is the only quantity conserved in col- 
lisions. Also the concept of force was sufficiently obscure that d'Alembert 
rejected it from his mechanics altogether. Clearly d'Alembert was not the 
one to clear up the confusion over vis viva. The experiments of 'sGravesande 
revealed two different measurable " effects " in inelastic collisions. The 
changes in motion observed are proportional to the momenta of the colliding 
bodies, but the flattening of the spheres or the imprints which they make in 
soft objects are proportional to their vis viva. Two different effects are 
observed and two different things are being measured. The conservation of 
vis viva could be demonstrated theoretically only for idealized mechanical 
problems of perfectly elastic collisions or pendulums experiencing no fric- 
tion. Nor was any satisfactory model available for the conservation of energy 
until Boscovich invented his famous system; and even then, Boscovich did 
not recognize the significance of vis viva in his theory. The law of conserva- 
tion of energy had to wait until physicists of the nineteenth century dis- 
covered energy equivalents in a variety of phenomena and finally established 
the law on experimental evidence. 
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